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Abstract: In this paper we study the extension of Painlevé/gauge theory correspondence
to circular quivers by focusing on the special case of SU(2) N = 2∗ theory. We show that
the Nekrasov-Okounkov partition function of this gauge theory provides an explicit com-
binatorial expression and a Fredholm determinant formula for the tau-function describing
isomonodromic deformations of SL2 flat connections on the one-punctured torus. This is
achieved by reformulating the Riemann-Hilbert problem associated to the latter in terms
of chiral conformal blocks of a free-fermionic algebra. This viewpoint provides the exact
solution of the renormalization group flow of the SU(2) N = 2∗ theory on self-dual Ω-
background and, in the Seiberg-Witten limit, an elegant relation between the IR and UV
gauge couplings.
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1 Introduction
Four-dimensional supersymmetric gauge theories with eight supercharges can be studied
with a variety of complementary approaches, deeply rooted in the algebraic properties of
their BPS states. A central rôle in this game is played by classical [1] and quantum [2] in-
tegrable systems and two-dimensional conformal field theories [3, 4]. In this context it has
been observed that renormalization group flows of supersymmetric theories in the self-dual
Ω-background can be studied as isomonodromic deformations of Hitchin connections [5].
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In the special case of SU(2) gauge theories, this problem reduces to the study of Painlevé
equations. More precisely, the isomonodromic problems related to Painlevé equations are
identified with the Hitchin system in the oper limit, the associated tau functions are com-
puted for the full set of isomonodromic problems associated to Painlevé confluence diagram
and compared with topological string partition functions on the relevant local Seiberg-
Witten curve geometries. These computations involve not only topological strings at large
radius but also in other phases e.g. conifold point [5]. This line of research was triggered
by previous work devoted to the solution of some Painlevé equations in terms of instanton
combinatorics and two-dimensional conformal blocks of Virasoro algebra, beginning with
[6]. Further developments along these lines are reported in [7–13]. This correspondence
has been then broadened to the case of q-difference Painlevé equations, q-Virasoro algebra
[14–19] and five dimensional N = 1 gauge theories and nonperturbative topological strings
[20–24].
The four-dimensional theories in question can be seen as arising as the world-volume
theories of stacks of M5 branes wrapped around a punctured Riemann surface Cg,n described
by the compactification of the relevant 6d N = (0, 2) superconformal field theory [25]. This
latter theory is fully determined by specifying a Lie algebra g, so that a four-dimensional
class S theory is determined by the set of data (g, Cg,n, D). The additional data D specifies
half-BPS codimension 2 defects at the punctures of C, or equivalently, in the zero-area limit
of the compactification, boundary conditions at the punctures [26]. In this context, AGT
correspondence can be seen as a suitable quantization of Hitchin’s integrable system [27–30].
If regular punctures only are considered the gauge theory is superconformal and the data
D are given by the residues at the punctures of the meromorphic differential specifying
the corresponding Hitchin system. Their gauge theory counterpart are the masses and
representations of the matter hypermultiplets. The flow to asymptotically free theories
and/or strongly coupled fixed points of Argyres-Douglas type is realized by including also
irregular punctures (higher order poles) [31–33]. In these cases further data have to be
specified at the punctures in the form of Stokes’ parameters. As we will recall later, see
(2.3) and (3.4), the isomonodromy problem can be formulated starting from a Riemann-
Hilbert problem specified by the asymptotic behaviour of the Hitchin connection at the
punctures. The isomonodromic problems studied so far in relation to Painlevé concern only
linear quiver gauge theories, which correspond to CFT on the two-sphere. The goal of
this work is to show how the correspondence between Painlevé equations, CFT and gauge
theories can be extended to circular quivers: this amounts to defining the CFT on the torus
and including hypermultiplets in the adjoint representation in the gauge theory. We wish
to illustrate this by considering explicitly the simplest case of the one-punctured torus and
SL2, which corresponds to the mass-deformation of N = 4 SYM known as N = 2∗.
The main result of this paper is to give an explicit realisation of the tau-function for
the isomonodromic deformations of a flat SL2-connection with a single simple pole on the
torus in terms of Nekrasov-Okounkov dual partition functions ZD for the SU(2) N = 2∗
theory [34]:
Tgauge(τ) = Z
D(η, a,m, τ)
Ztwist(τ)2
. (1.1)
– 2 –
We also get two alternative expressions for the tau function in terms of a Fourier series of
Virasoro conformal blocks with only integer or half-integer shifts:
η(τ)−1θ2(2Q|2τ)Tgauge(τ) =
∑
n∈Z
ei(n+
1
2
)ηtr V
a+n+12
(qL0Vm(0)) = Z
D
1/2(η, a,m, τ)
η(τ)−1θ3(2Q|2τ)Tgauge(τ) =
∑
n∈Z
einηtr Va+n(q
L0Vm(0)) = Z
D
0 (η, a,m, τ).
(1.2)
Here Q is the solution of the isomonodromic system on torus which we specify in Sect.
3, Va+n/2 is the Virasoro Verma module with dimension (a + n/2)2, Vm(0) is a Virasoro
primary field inserted on the torus at the origin in cylindrical coordinates, and q = e2piiτ .
The general statement for higher rank and arbitrary number of regular punctures will be
discussed in an upcoming paper [35].
Finally, let us comment on the connection of these results with Seiberg-Witten theory
and integrable systems: the Hitchin’s connection we use to define the system (3.4) is a
deautonomization of the Lax matrix of the elliptic Calogero-Moser system. More generally,
we are considering the dependence on the marginal deformations of the class S theory
by deforming the Lax matrix that describes its Coulomb branch, similarly to what has
been done in Seiberg-Witten theory by means of Whitham deformations [27, 28, 36–38].
The Hamiltonians of the integrable system become time-dependent, and the times are such
marginal deformations.
In the following Section 2 we briefly recall the known results on the two-sphere. In
Sect. 3 we illustrate the new results obtained for the one-punctured torus case, namely we
discuss the free fermion realization of the Riemann-Hilbert problem (RHP) kernel and the
corresponding isomonodromic tau function. In Sect. 4 we provide a Fredholm determinant
formula for the latter and discuss gauge theory/topological string implications of our results.
We report our conclusions in Sect. 5. The remaining third of the paper consists of technical
appendices. In particular, in Appendix A ,B we set up notations that are used throughout
the paper; in Appendix C, E we provide some consistency checks, while in Appendix D
we study the asymptotic behavior of our solution in the τ → +i∞ limit and compute the
corresponding monodromies in the spirit of [39]. Finally, in Appendix F we provide some
complementary determinantal formulae.
2 Review of Painlevé/CFT correspondence on the sphere
In this section we give a brief overview of the recent results on Conformal Field Theory
approach to isomonodromic deformations. The problem we are interested in concerns the
variations at fixed masses of the Hitchin connection L associated to the four-dimensional
gauge theory obtained from M5-branes compactification on Cg,n. In this section we review
the genus zero case. The starting point is a system of linear ODEs{
∂zY (z) = L(z)Y (z),
Y (z0) = IN .
(2.1)
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where both Y and L are N×N matrices. In general, L(z) can be allowed to have meromor-
phic entries, but we will restrict ourselves to the case of simple poles at points z1, . . . , zn1
L(z) =
n∑
k=1
Ak
z − zk , (2.2)
where Ak are constant matrices. The problem of finding the solution Y (z) of this linear
system can be rephrased as the following Riemann-Hilbert Problem (RHP): find a matrix
valued, holomorphic and multivalued function on P1 \ {zk} with the following properties:
Y (z ∼ zk) = Gk(z)(z − zk)θkCk,
detY (z) 6= 0, z 6= zk,
Y (z0) = IN ,
(2.3)
where θk = diag(θ1, . . . , θN ) is the diagonal matrix of eigenvalues2 of Ak, that is diagonal-
ized at zk by holomorphic matrix-valued functions Gk(z):
θk = G
−1
k (ak)AkGk(ak). (2.4)
The monodromies acquired by Y (z) upon analytic continuation around zk are given by
Mk = C
−1
k e
2piiθkCk (2.5)
because of this, the θk’s are called local monodromy exponents. The problem of finding a
solution to the linear system (2.1) is completely equivalent to that of finding a solution to
the Riemann-Hilbert Problem (2.3), a particular instance of the so-called Riemann-Hilbert
correspondence (see e.g. [41, 42]).
Further, it is possible to study deformations of such linear system, and in particular
to study the ones that keep the monodromies of the solution fixed. Such deformations are
called isomonodromic, and they are given by a set of flows with times tk, whose Hamiltonians
Hk are generated by the so-called isomonodromic tau function T , first defined in [40, 43]
and then generalized in [44, 45]
∂tk log T = Hk =
1
4pii
∮
γk
trL2(z)dz =
1
2
Resz=zktrL
2(z), (2.6)
where γk is a small loop around zk. In general, for Fuchsian SL2 isomonodromic problems
on higher genus Riemann surfaces, the number of isomonodromic times is equal to the
dimension of the moduli space of genus g curves with n punctures dimMg,n = 3g − 3 + n,
and the formula above gets generalized in terms of overlap of the quadratic differential trL2
with the relevant Beltrami differentials.
1In the following we will only deal with so-called regular singularities, i.e. simple poles. This means
that the solution to the Riemann-Hilbert problem will involve monodromies but not Stokes’ jumps, and the
corresponding gauge theory is conformal. Stokes’ phenomena occur when L(z) has higher order poles, and
the corresponding gauge theory is asymptotically free or at an Argyres-Douglas point.
2Subject to the non-resonance condition [40].
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In genus zero the first nontrivial case is the four punctured sphere, for which the
isomonodromic deformation equations take the form of Painlevé VI. On the torus, the first
nontrivial case is that with one puncture, and the isomonodromic time is the modular
parameter τ . The corresponding Hamiltonian is an integral over the A-cycle
Hτ =
1
2
∮
A
trL2(z)dz = 2pii∂τ log T . (2.7)
It was already noted in the late ’70s [46–50] that two-dimensional Quantum Field
Theory provides a useful framework to solve such a class of problems. In fact, the result of
those papers have been recently extended and simplified by using the much more powerful
tools developed in the past few decades in the context of two-dimensional Conformal Field
Theory [6, 8, 10, 51].
In order to find a solution to the RHP (2.3), one has to find a function Y (z) with
prescribed monodromies, singular behavior and normalization. The CFT that engineers
the solution in the case of an N×N system is a chiral CFT withWN symmetry [11], but to
make the essential points clearer in this paper we will consider the 2×2 case, that is solved
by the more familiar conformal theories with Virasoro symmetry [8]. Because of this, from
now on unless otherwise stated it will be implicitly assumed everywhere that the matrices
are 2× 2 and the CFT is the chiral half of Liouville theory.
A natural candidate for a CFT description of the function Y is a holomorphic conformal
block: more precisely, one has to consider Liouville theory at c = 1, and a chiral conformal
block with insertion at the location of the poles of primary fields Vk with Liouville charge
θk, weight
∆k = θ
2
k (2.8)
and normalization 3
〈σ|Vk|σ′〉 ≡ N(σ, θk, σ′)
=
G(1 + σ − σ′ + θk)G(1 + σ′ − σ + θk)G(1− θk − σ − σ′)G(1 + σ + σ′ − θk)
G(1 + 2θk)G(1 + 2σ)G(1− 2σ′)
(2.9)
where G is the Barnes’ G-function. The fields φs, φ˜s, with s = ±, represent the two fusion
channels
[φ(1,2)]× [Va] = [Va−1/2] + [Va+1/2] (2.10)
of the degenerate field φ(1,2) of Liouville charge 1/2, inserted at z, z0. The chiral block one
has to consider is then
Φrs (z, z0; {θk}, {σk}) = 〈V1(z1) . . . Vn(zn)φ˜r(z0)φs(z)〉〈V1(z1) . . . Vn(zn)〉 (2.11)
where σk are the internal weights of the conformal block. To avoid cluttering of indices we
adopt the matrix notation
Φ(z, z0; {θk}, {σk}) = 〈V1(z1) . . . Vn(zn)φ˜(z0)⊗ φ(z)〉〈V1(z1) . . . Vn(zn)〉 . (2.12)
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θ1
θ2
θ3 θn−3 θn−1
θn
Figure 1. n point sphere conformal block with degenerate field insertions
The singular behavior of Φ is determined by the OPE of the fields, and its monodromies
can be computed through the Moore-Seiberg formalism [52] (see [3, 53, 54] for a recent re-
view in application to supersymmetric gauge theories), which we quickly recap in Appendix
B. Since the fusion kernel for a degenerate field and a primary is known explicitly, the an-
alytic continuation can be fully computed.
The chiral block (2.12), however, does not yet have nice monodromy transformations.
Indeed, because of the fusion rules of degenerate fields with primaries (2.10), the internal
weights of the conformal block get shifted when performing a fusion operation. For the
construction of the solution to the RHP from Virasoro conformal block in [8] it was crucial
to show that even though a single fusion operation shifts the weights by half-integers, to
perform a complete cycle on the sphere one has to perform each fusion twice, so that
monodromy operations in the CFT at genus zero yield in general integer shifts of internal
weights. We will see in the next section that this is not true in higher genus and we will
show how to overcome this problem on the torus.
In order to diagonalize the shift operator, one has to consider the Fourier series of
conformal blocks
ΦD(z, z0; {θk}, {σk}) =
∑
n∈Zn−3
ein·ηΦ(z, z0; {θk}, {σk + nk}), (2.13)
where D stands for "dual". The monodromies of ΦD are computable by means of the Moore-
Seiberg formalism and are constructed from the CFT’s fusion and braiding matrices: the
expressions are rather involved, especially in the case of many punctures, and we refer to
the original papers for their explicit form [8, 51]. ΦD has the prescribed monodromies and
singular behavior around zk and to identify it with the normalized solution to the RHP, it
is still necessary to remove the additional singularity at z = z0 coming from the OPE of
the two degenerate fields. The normalized solution is then
Y (z; z0) ≡ Y −1(z0)Y (z) = (z − z0)1/2ΦD(z, z0; {θk}, {σk}), (2.14)
3comparing to [8] we change θk → −θk
– 6 –
Finally, one can obtain the tau function from Y by expanding the above expression for
z ∼ z0: by using
L(z) = Y −1(z)∂zY (z), trL(z) = 0 (2.15)
we can write
1
z − z0 trY
−1(z0)Y (z) =
2
z − z0 +
z − z0
2
trL2(z) + . . . . (2.16)
On the CFT side, the expansion can be done by using the OPE of φ, φ˜ in (2.12), and
equating order by order in z − z0 we get
1
2
trL2(z) =
〈V1(z1) . . . Vn(zn)T (z)〉D
〈V1(z1) . . . Vn(zn)〉
=
n∑
k=1
[
∆k
(z − zk)2 +
1
z − zk ∂zk log〈V1(z1) . . . Vn(zn)〉
]
.
(2.17)
By using (2.6) and taking the residues in zk of the above expression, we get that the tau
function is simply the Fourier transformed chiral conformal block of primary fields
T = 〈V1(z1) . . . Vn(zn)〉D. (2.18)
It is also possible to construct a solution of the linear system (2.1) by using free fermions
[8, 10]. In this case, the normalization factor is z − z0, as it must compensate the pole of
the fermion propagator. In this way, we see that we can regard the Fourier transformed
conformal block as a kernel in the variables z, z0,
ΨD(z, z0; {θk}, {σk}) = Y
−1(z0)Y (z)
z − z0 (2.19)
where now Ψ is a free fermionic conformal block, and ΨD its Fourier series as in the
degenerate field case. In fact, the description using free fermions seems the most natural,
since the Fourier transform in this case simply comes from the decomposition of the free
fermionic Hilbert space. The tau function has the same expression as in the previous case.
Note that because the tau function can be written as a correlator of primary fields in a
free fermionic CFT, it coincides, up to a factor coming from the normalization of the vertex
operators, with Nekrasov-Okounkov dual partition function [34] for a linear quiver gauge-
theory, with quiver diagram given by the conformal block as in Figure 1, but without the
wiggly lines. If one considers instead the purely Liouville representation using degenerate
fields, in order to reach the same conclusion one is forced to use the AGT correspondence
[3]. This identification has been studied in greater detail in the case of four punctures
corresponding to the sixth Painlevé equation and to the Nf = 4 theory, in [5, 7], where also
the degeneration of PVI to other Painlevé equations has been studied and identified with
holomorphic decoupling of hypermultiplets or flow to strongly coupled Argyres-Douglas
points in the gauge theory.
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3 Isomonodromic deformations and torus conformal blocks
3.1 Linear systems on the torus
To generalize the Lax matrix (2.2) to the case of the torus, we must take into account the
Riemann-Roch theorem. Because of it, there is no function with only a single simple pole
on the torus, and in general a Lax matrix L(z) required to have simple poles at given points
will transform nontrivially along the A and B cycles4:
L(z + 1) = TAL(z)T
−1
A , L(z + τ) = TBL(z)T
−1
B , (3.1)
where the twists TA, TB satisfy
TAT
−1
B T
−1
A TB = ζ, (3.2)
where
ζ = e2piic1/N , (3.3)
and c1 = 0, . . . , N − 1 is the first Chern class of the bundle with the centre of SL(N) as
structure group, which classifies the inequivalent flat bundles on the torus [55]. One can
go from one bundle to the other by means of singular gauge transformations, known as
Hecke transformations [56], so that it is without loss of generality that we will deal with
the case c1 = 0, corresponding to the Lax matrix of the N-particles elliptic Calogero-Moser
system. This is known to describe isomonodromic deformations on the one-punctured
torus, with isomonodromic time τ [57, 58]. It is also the Lax matrix of the integrable
system describing the Seiberg-Witten theory of four-dimensional SU(N) super Yang-Mills
with one hypermultiplet in the adjoint representation of the gauge group, or N = 2∗ theory
[59–61].
The SL(2,C) linear system (2.1) with one simple pole at z = 0 on the torus is then{
∂zY (z|τ) = L(z|τ)Y (z|τ),
Y (z0|τ) = I2,
L(z|τ) =
(
p mx(2Q, z)
mx(−2Q, z) −p
)
, (3.4)
TA = I2 TB = e2piiQ, ζ = 1 (3.5)
where
x(u, z) =
θ1(z − u|τ)θ′1(τ)
θ1(z|τ)θ1(u|τ) , (3.6)
and we also used the notation 5
e2piiQ = e2piiQσ
z
. (3.7)
4In general, L transforms as a connection, so in the transition functions TA, TB there could be also a
nonhomogeneous term. However, these matrices can be chosen so that they are z-independent up to a
scalar multiple [55].
5 Here and below we use the standard Pauli matrices σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
, σz =
(
1 0
0 −1
)
.
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As a consequence of (3.1), the solution Y will have, besides the usual monodromies acting
on the right, also twists acting on the left:
Y (γA · z|τ) = Y (z)MA, Y (γB · z|τ) = e2piiQY (z)MB, Y (γk · z|τ) = Y (z)Mk. (3.8)
Differently from the monodromies, the twists are not constant along the isomonodromic
flows. In this case with one puncture, we can easily use identity (A.12) and the defining
equation to compute the isomonodromic Hamiltonian
Hτ =
1
2
∮
A
trL2(z)dz =
∫ 1
0
dz
[
p2 −m2 (℘(2Q|τ)− ℘(z|τ))]
= p2 −m2℘(2Q|τ)− 2m2η1(τ),
(3.9)
associated to the time 2piiτ . The last term comes from∫ 1
0
dz℘(z|τ)dz = −
∫ 1
0
dzζ ′(z|τ) = ζ(0)− ζ(1) = −2η1(τ), (3.10)
and since it is a function of τ only it does not contribute to the isomonodromy deformation
equations, which are the Hamilton equations for this Hamiltonian6 and take the form of a
special case of Painlevé VI for Q [57, 58]:
(2pii)2
d2Q
dτ2
= m2℘′(2Q). (3.14)
We see that the twist is the Painlevé transcendent, and as such is a function of τ that in
general cannot be expressed in terms of usual special functions.
3.2 Monodromies of torus conformal blocks
We will now turn to the main result of the paper: the derivation from CFT of the solution
to the linear system (3.4) and the tau function of the isomonodromic problem. To this end,
we consider the chiral block
Φ(z, z0|τ, a,m) = 〈Vm(0)φ˜(z0)⊗ φ(z)〉 = 1
Z(τ)
tr Va
(
qL0Vm(0)φ˜(z0)⊗ φ(z)
)
(3.15)
in Liouville Conformal Field Theory at c = 1, where as in the previous section φi, φ˜i are
degenerate fields, Vm is a primary field with Liouville charge m, and weight ∆m = m2, and
6This equation is the isomonodromy deformation equation because it is equivalent to the Lax pair
equation
2pii∂τL+ ∂zM + [M,L] = 0, (3.11)
which can be shown, by using equation (A.13), to be the zero-curvature compatibility condition of the
system {
∂zY = LY,
2pii∂τY = −MY,
(3.12)
where M is the other matrix of the Lax pair of L:
M = m
(
℘(2Q) ∂Qx(2Q, z)
∂Qx(−2Q, z) ℘(2Q)
)
. (3.13)
– 9 –
Z(τ) is the partition function of the CFT. Because of the results already available on the
sphere, the object
ΦD(z, z0) =
∑
n
einηΦ(z, z0; τ,m, a+ n) (3.16)
has prescribed monodromies in conjugacy classes 7
MA ∼ ie2piia, M1 ∼ e2piim. (3.17)
As was stressed in the previous section, in the case of the torus we do not always have only
integer shifts of the internal weights when transporting z around a closed loop: when we
move the degenerate field around the B-cycle of the torus, we perform fusion with the pri-
mary Vm only once, so that because of the fusion rules (2.10) the internal weights get shifted
by half-integers, as is shown in Figure 2. As a consequence, the Fourier transform ΦD, that
includes only integer shifts, will not transform into itself under B-cycle monodromy. Let us
make this observation more precise by computing how Φ transforms when the degenerate
field goes in a loop around the B-cycle.
a
a−
s−
s ′2
a−
s
2
a
a−
s ′′
2
a−
s
2
a− s′′
2
a−
s
2
a
Figure 2. B-cycle monodromy for the one-punctured torus
The transformation is given in Figure 2, which means that
Φss′(γB · z) = i
∑
s′′=±
Φss′′(z)e
− s′′
2
←−
∂aeipis
′′(a−s/2)Fs′′s′(a− s/2,m, a)e−ipis′a (3.18)
where we denoted by e−
s′′
2
←−
∂a the operator that acts on the left by shifting a → a − s′′/2
(operators must act from the right because such is the action of the monodromies). Now
we use the property
Fs′′s′(a− s/2,m, a) = ss′′Fs′′s′(a,m− 1/2, a), (3.19)
of the fusion matrix, which can be easily checked given the explicit expression of the fusion
matrix in Appendix B, together with
eipis
′′(a−s/2) = −ss′′ieipis′′a (3.20)
7The factor of i in MA comes from the Jacobian of transition from plane to cylinder for a field of
dimension 1
4
.
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to rewrite the above monodromy action as a matrix action (operator valued, because of the
shifts):
Φ(γB · z) = Φ(z)e− 12
←−
∂aσzeipiaF (a,m− 1/2, a)e−ipia. (3.21)
At first glance, it would seem that due to the half-integer shifts in the intermediate
channel, in the case of the torus one should consider the Fourier transform∑
n
e
inη
2 Φ(z, z0; τ,m, a+ n/2), (3.22)
as it diagonalizes the shift operator e−
1
2
←−
∂ a . However, doing so the monodromy action along
the A-cycle is spoiled, since
Φ(γA · z, a+ n) = iΦ(z, a+ n)e−2piia, (3.23)
Φ(γA · z, a+ n+ 1/2) = −iΦ(z, a+ n+ 1/2)e−2piia. (3.24)
This can be remedied by considering the CFT with an additional U(1) boson as in [8],
so that we have free fermions instead of degenerate fields:
ψ(z) ≡ eiϕ(z)φ(z), ψ¯(z) ≡ e−iϕ(z)φ˜(z). (3.25)
The presence of the U(1) boson shifts all monodromy exponents by the eigenvalue σ of the
zero-mode of ∂ϕ: we might as well set σ = 0, however as we will see, it will turn out to be
meaningful to keep this factor for a while. The effect of adding the U(1) boson is that the
additional sign factor along the A-cycle cancels out with that of the degenerate fields, so
that the free fermion conformal block
ΨD(z, z0; τ,m, a, σ, η, ρ) ≡
∑
n,k
e
inη
2 e4pii(ρ+1/2)(n/2+k)Ψ(z, z0;m, a+ n/2, σ + 1/2 + n/2 + k)
≡ 〈Vm(0)ψ¯(z0)⊗ ψ(z)〉
(3.26)
has numerical monodromies along all noncontractible cycles. In this definition the shifts
of the Virasoro highest weight a → a + n/2 and of the Heisenberg charge (σ + 1/2 →
σ + 1/2 + n/2 + k) correspond to the shift of the fermionic charge(s) of two-component
fermions by (n+ k, k). By using the above considerations, together with expression (3.21)
for the B-cycle monodromy, and the action
ΨD(z, z0; τ,m, a, σ)e
− 1
2
←−
∂aσze−
1
2
←−
∂σ = ΨD(z, z0; τ,m, a, σ)e
i η
2
σz+2piiρ, (3.27)
we see that the monodromies around the A- and B-cycles of the torus take the form
MˆA = e
−2piia−2piiσ ≡ e−2piiσMA,
MˆB = e
i η
2
σz+2piiρeipiaF (a,m− 1/2, a)e−ipia ≡ e2piiρMB.
(3.28)
Above, MA,MB are the part of the conformal block monodromies MˆA, MˆB that are
independent from the additional U(1) charges σ, ρ, and they have unit determinant. As we
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will see in the next section, they are the monodromy matrices of the linear system solution
Y . 8
Let us make some final remarks on this computation. The A-cycle monodromy is
encoded in the mode expansion of the complex fermions:
ψ(z) =
∑
p∈Z+ 1
2
ψpe
2pii(p−a−(σ+1/2))z
(3.29)
which comes from the change of coordinate from the plane to the torus w = e−2piiz. We see
that the 1/2 shift of σ must be added in order to cancel anti-periodicity of the natural mode
expansion. In the same way, in the computation of the B-cycle monodromy we shifted by
1/2 the parameter ρ in order to cancel the (−1) factor coming from fermions re-ordering 9.
The signs of the shifts by n are defined by the expression for L0, twisted by two
fermionic charges H1 and H2:
L0 = const+ L
(0)
0 +H1(σ + a) +H2(σ − a), (3.30)
where
[L
(0)
0 , ψi,p] = −nψi,p, [Hi, ψj,p] = δijψj,p. (3.31)
3.3 CFT solution to the Riemann-Hilbert problem and tau function
To relate the free fermion correlator (3.26) to the solution Y of the linear system (3.4),
we need to take care of two things: the fact that the correlator has an additional simple
pole in z = z0 with residue one that Y does not have, and the fact that Y has, in addition
to the monodromies acting from the right, twists acting from the left, as in (3.8). The
generalization of the sphere kernel (2.19) to a kernel on the torus is then:
Y −1(z0)Ξ(z − z0)Y (z) = 〈Vm(0)ψ¯(z0)⊗ ψ(z)〉〈Vm(0)〉 , (3.32)
where we defined the matrix
Ξ(z) ≡ diag (x(στ + ρ−Q, z), x(στ + ρ+Q, z)) e−2ipiσz (3.33)
whose transformations along the two cycles of the torus are such that it cancels the twists
of the solution Y , while also giving the additional shifts due to the U(1) boson charge σ.
The two sides of the equations have the same singularities with same singular behavior,
and same monodromies both in z and z0. Because of this, they coincide. It is also useful
to introduce new notations
Q˜1 = −στ − ρ+Q, Q˜2 = −στ − ρ−Q, Q˜ = diag(Q˜1, Q˜2). (3.34)
8 Recall that detY (z) = 1, so that the extra U(1) factors e2piiρ and e−2piiσ from the point of view of the
linear system are introduced artificially. In fact, they are arbitrary and we can set them to any value, but
it turns out to be convenient to keep them arbitrary throughout the computations.
9These two shifts mean that we are fermionizing the degenerate fields into fermions which are periodic
along both cycles on the torus (in the sense that no additional signs are involved in the computation of
monodromies). The shift in σ amounts to the periodicity condition on the cylinder, while that in ρ is
implemented in the operator formalism we are using by an insertion of (−)F in all our traces.
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As in the case of the sphere, we now expand both sides of the equation to obtain the
tau function. In particular, we need only to expand the trace of (3.32)∑
α
〈ψα(z)ψ¯α(z0)Vm(0)〉
〈Vm(0)〉 = −tr
[
Y (z)Y −1(z0)Ξ(z − z0)
]
. (3.35)
The expansion of the first two factors is:
Y (z)Y −1(z0) =
(
I+ (z − z0)L(zc) + (z − z0)
2
2
L2(zc)
)
, (3.36)
where zc = z+z02 . Then, we expand the theta functions in the diagonal matrix:
θ′1(τ)
θ1(z − z0|τ) =
1
z − z0 −
z − z0
6
θ′′′1 (τ)
θ′1(τ)
+O((z − z0)3), (3.37)
e−2piiσ(z−z0)
θ1(z − z0 + Q˜|τ)
θ1(Q˜|τ)
= 1 + (z − z0)
(
θ′1(Q˜|τ)
θ1(Q˜|τ)
− 2piiσ
)
+
+
(z − z0)2
2
(
θ′′1(Q˜|τ)
θ1(Q˜|τ)
− θ
′
1(Q˜|τ)
θ1(Q˜|τ)
4piiσ + (2piiσ)2
)
+O((z − z0)3)
(3.38)
Putting everything together, we find that the O(z− z0) term in the expansion above is∑
α
〈12 : ∂ψ¯α(zc)ψα(zc) + ∂ψα(zc)ψ¯α(zc) : Vm(0)〉
〈Vm(0)〉 =
〈T (zc)Vm(0)〉
〈Vm(0)〉 =
=
1
2
tr
(
L2(zc) +
θ′′1(Q˜|τ)
θ1(Q˜|τ)
+ 2(L(zc)− 2piiσ)θ
′
1(Q˜|τ)
θ(Q˜|τ)
+ (2piiσ)2 − 1
3
θ′′′1 (τ)
θ′1(τ)
)
.
(3.39)
There are some additional terms with respect to what we found for the sphere. However
they can be rearranged in a more convenient form. We use the fact that the diagonal part
of the Lax matrix (3.4) consists of the momenta of the Hamiltonian system [55] to write
tr
(
θ′′1(Q˜|τ)
θ1(Q˜|τ)
+ 2(L(zc)− 2piiσ)θ
′
1(Q˜|τ)
θ(Q˜|τ)
+ (2piiσ)2 − 1
3
θ′′′1 (τ)
θ′1(τ)
)
=
=
2∑
i=1
(
θ′′1(Q˜i)
θ1(Q˜i|τ)
+ 2(pi − 2piiσ)θ
′
1(Q˜i|τ)
θ1(Q˜i|τ)
+ (2piiσ)2 − 1
3
θ′′′1 (τ)
θ1(τ)
)
.
(3.40)
We now use the heat equation for θ1, as well as the relation for the coordinates and momenta
of the nonautonomous system
θ′′1 = 4pii∂τθ1, pi = 2pii∂τQi, (3.41)
to write the above expression as
4pii
2∑
i=1
[
θ′1,τ (Q˜i|τ)
θ1(Q˜i|τ)
+ ∂τ (Qi − στ − ρ)θ
′
1(Q˜i|τ)
θ1(Q˜i|τ)
+ (2piiσ)2 − 1
3
∂τθ
′(τ)
θ1(τ)
]
=
= 4pii
2∑
i=1
∂τ log e
piiτσ2 θ1(Q˜i|τ)
θ′1(τ)1/3
= 4pii∂τ log
(
e2piiτσ
2 θ1(Q˜1|τ)
η(τ)
θ1(Q˜2|τ)
η(τ)
)
=
= 4pii∂τ log (Ztwist(Q, ρ, σ, τ)) ,
(3.42)
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where in the last equality we noted that the argument of the logarithm is the partition
function of two free complex twisted fermions with the twists defined by the Lax connection
(3.4) with extra U(1) shift. Plugging the latter formula into (3.39) we find
1
2
trL2(zc) + 2pii∂τ log (Ztwist(Q, ρ, σ, τ)) =
〈Vm(0)T (zc)〉
〈Vm〉 . (3.43)
We can use the Virasoro Ward identity for an energy-momentum tensor insertion on the
torus, which takes the form
〈T (z)Vm(0)〉
〈Vm〉 = 〈T 〉+m
2 [℘(z|τ) + 2η1(τ)] + 2pii∂τ log〈Vm〉. (3.44)
In order to identify the tau function from this equation, we will use a general result from
[55], in which the authors study isomonodromic deformation problems on elliptic curves.
The relation between trL2 and the isomonodromic Hamiltonian, specified to the case of
one puncture, is
1
2
trL2(z) = Hτ +m2(℘(z) + 2η1). (3.45)
m2 is the Casimir of the orbit around the puncture, and the isomonodromic Hamiltonian
turns out to be
Hτ = 2pii∂τ log T = 2pii∂τ log 〈Vm〉
Ztwist(τ)
, (3.46)
so that the correlation function is
ZD(τ) = 〈Vm〉 =
∑
n,k∈Z
e4pii(ρ+1/2)(n/2+k)e
inη
2 tr Va+n/2⊗Fσ+1/2+n/2+k(q
L0Vm(0)) =
= Ztwist(τ)T (τ) = e2piiτσ2η(τ)−2θ1(στ + ρ+Q(τ))θ1(στ + ρ−Q(τ))T (τ).
(3.47)
The tau function is then the correlator of primary fields in a free fermionic chiral CFT,
as in the case of the sphere, but instead of being normalized by the partition function of the
CFT itself, it is normalized with the partition function of twisted complex fermions, with
twists given by the isomonodromic problem under consideration. This result is more general,
and holds for the case of the n-punctured torus, and for more general semi-degenerate N×N
linear systems, solved by WN Conformal Field Theories [35].
In fact, note that this is nothing else but the free fermion expression of the dual gauge
theory partition function ZD that appears in the original paper by Nekrasov and Okounkov
[34], so that
T (η, a,m, τ) = G(1 +m)
2
G(1 + 2m)
ZD(η, a,m, ρ, σ, τ)
Ztwist(η, a,m, ρ, σ, τ)
. (3.48)
Where the additional m-dependent factor comes due to our normalization of the vertices,
as we show below. In fact, since we are defining the isomonodromic tau function by the
property
2pii∂τ log T = Hτ , (3.49)
constant multiplicative factors are irrelevant, and we may as well consider the tau function
to be
Tgauge(τ) ≡ Z
D(τ)
Ztwist(τ)
. (3.50)
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At this moment we exploit the arbitrary U(1) charge to establish relations between
the Fourier series of Virasoro conformal blocks, which we will call Virasoro dual partition
functions, and the full dual partition function, computed over the free fermionic Hilbert
space. First we expand this latter over its pure Virasoro and Heisenberg contributions:
ZD(τ) = η(τ)−1
∑
n,k∈Z
eiηn/2e4pii(ρ+1/2)(k+n/2)q(σ+1/2+k+n/2)
2
tr Va+n/2
(
qL0Vm(0)
)
=
= ZD0 (τ)η(τ)
−1e2piiτσ
2
∑
k∈Z
e2piiτ(k+1/2)
2
e4pii(k+1/2)(στ+ρ+1/2)+
+ZD1/2(τ)η(τ)
−1e2piiτσ
2
∑
k∈Z
e2piiτk
2
e4piik(στ+ρ+1/2) =
= −ZD0 (τ)e2piiτσ
2
η(τ)−1θ2(2στ + 2ρ|2τ) + ZD1/2(τ)e2piiτσ
2
η(τ)−1θ3(2στ + 2ρ|2τ).
(3.51)
The above equation defines ZD0 and ZD1/2, which are the Fourier transform of the one-point
torus conformal block containing respectively only integer or half-integer shifts:
ZD/2(η, a,m, τ) =
∑
n∈Z+ 
2
einηtr Va+n(q
L0Vm(0)). (3.52)
The trace over the Fock space has been resummed and yields the theta function and
Dedekind eta factors. Notice further that the variables σ and ρ enter the above formula
only through the two theta functions. Now we use the addition formula for theta functions
θ1(x− y|τ)θ1(x+ y|τ) = θ3(2x|2τ)θ2(2y|2τ)− θ2(2x|2τ)θ3(2y|2τ) (3.53)
and rewrite the relation between dual partition function and isomonodromic tau function
(3.47) in a form
ZD(τ) = T (τ)e2piiσ2τη(τ)−2(−θ2(2στ + 2ρ|2τ)θ3(2Q|2τ) + θ3(2στ + 2ρ|2τ)θ2(2Q|2τ)).
(3.54)
Comparing the two formulas we find two relations, free from σ and ρ:
ZD0 (τ) = η(τ)
−1θ3(2Q|2τ)T (τ) ,
ZD1/2(τ) = η(τ)
−1θ2(2Q|2τ)T (τ) .
(3.55)
One consequence of these formulas is the relation
θ3(2Q|2τ)
θ2(2Q|2τ) =
ZD0 (τ)
ZD1/2(τ)
(3.56)
which allows us to express solution Q of the isomonodromic system in terms of CFT/gauge
theory objects. Another possibility is to use a "minimal choice" for the extra charge of the
U(1) boson, setting σ = ρ = 0. Then the above expression becomes
T (η, a,m, τ) = η(τ)
2
θ1(Q|τ)2Z
D(η, a,m, 0, 0, τ). (3.57)
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Let us see explicitly which objects of the free fermionic CFT yield the classical, per-
turbative and instanton part of the dual partition function. Expanding the trace in the
basis of descendants |a,Y〉 one recovers the instanton expansion: the factor qL0 yields the
classical partition function and the instanton counting parameter, the normalization of the
vertex operator (2.9) gives the perturbative contribution
N(a,m, a) =
G(1 +m)2G(1−m− 2a)G(1−m+ 2a)
G(1 + 2m)G(1− 2a)G(1 + 2a) =
G(1 +m)2
G(1 + 2m)
Zpert(a,m) (3.58)
together with the extra m-dependent factor in (3.48). Finally, the expansion of the confor-
mal block itself in the basis of descendants labeled by partitions |a,Y〉 yields as usual the
instanton contributions to the partition function 10.
4 Gauge theory, topological strings and Fredholm determinants
4.1 N = 2∗ gauge theory partition function as a Fredholm determinant
As we have shown in the previous subsection, in order to construct the solution of the
RHP on the one-punctured torus in terms of CFT correlators, it is necessary to switch from
degenerate fields to free fermions, see (3.25). In [10] it was shown that in the four-punctured
sphere case one can sum up the expression for the tau function into a single Fredholm
determinant by means of the generalized Wick theorem for free fermions. This determinant
for the generic tau function on the sphere with n punctures was also constructed in [62]
in a mathematically rigorous way. This was then shown to satisfy the Jimbo-Miwa-Ueno
definition of the tau function and to reproduce the expansion of the relevant Nekrasov
partition function. More recent understanding of such determinant formulas in the sphere
case, together with a simplified proof, can be found in [63].
In [62] the RHP is solved by decomposing the n-punctured sphere in trinions or pairs
of pants, which are three-punctured spheres, thus reducing the RHP on the sphere with n
punctures to the problem of properly gluing solutions to RHPs on three-punctured spheres,
with punctures at 0, 1,∞. These are given, normalized by their asymptotics in zero, by
Y0(w) = (1− w)(m−γ)×
×
(
2F1(m,m+ 2a, 2a,w)
−mw
2a−1 2F1(1 +m, 1 +m− 2a, 2− 2a,w)
m
2a2F1(1 +m,m+ 2a, 1 + 2a,w) 2F1(m, 1 +m− 2a, 1− 2a,w)
)
,
(4.1)
where 2F1 are hypergeometric functions, and γ is a U(1) shift about which we will comment
later. Note that the solution above is essentially the same as (D.18) upon change of variables
from spherical to cylindrical w = e2piiz, where it appears in the study of the asymptotic
behavior of the solution Y on the torus. The solution above is well-defined as a series in z,
convergent for |w| < 1, so we also define another normalized solution of the same problem,
well-defined as a series in w−1:
Y∞(w) = σxY0(1/w)σx. (4.2)
10 The precise statement is that to get Nekrasov factors one has to make Res 0L(z)dz of rank 1 by
appropriate U(1) shift. It is the standard AGT trick: see also discussion in the end of Section 4.1.
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In this subsection, motivated by [10] and [62], we compute the relevant Fredholm
determinant by pants decomposition of the one-punctured torus as in Fig. 3. Namely, we
expand the trace in (3.47) by inserting the identity operator on the free-fermion states,
compute the matrix elements of Vm by using the generalized Wick theorem, and finally
arrive at the Fredholm determinant expression given below.
Figure 3. Pants decomposition of one-punctured torus
The one-punctured torus is obtained from the three-punctured sphere by gluing two
legs of the trinion as in Figure 3. We will take these to be the legs corresponding to be
the punctures at 0,∞ in spherical coordinates, or ±i∞ in cylindrical coordinates. We thus
have to show how this translates to an operation on the solution of the three-punctured
RHP.
To glue the solutions defined at zero and infinity, we define the following integral kernels:
a(w,w′) = D
Y0(qw)
−1Y0(w′)− I
qw − w′ , b(w,w
′) = −DY0(qw)
−1Y∞(w′)
qw − w′ ,
c(w,w′) = D−1
Y∞(w/q)−1Y0(w′)
w/q − w′ , d(w,w
′) = D−1
I− Y∞(w/q)−1Y∞(w′)
w/q − w′ ,
(4.3)
where the diagonal matrix D is given by the formula
D = −q(1+σ)e2piiρdiag(q−ae−2piiβ, qae2piiβ), (4.4)
with e2piiβ given by
e2piiβ = eiη/2
Γ(1− 2α)Γ(2α−m)
Γ(2α)Γ(1− 2α−m) . (4.5)
Let us now specify the Hilbert spaces on which the above operators act. Actually, there
are at least two equivalent choices. The first is to consider them as operators acting on the
space of (row-)vector-valued functions
H = L2(S1)⊗ C2 (4.6)
on a circle S1 = {w, |w| = R}, where |q| < R < 1. In this realisation, the action of an
operator A on a function f is defined by the integral
(Af)(w) =
∮
dw′
2pii
f(w′)A(w′, w). (4.7)
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We will instead employ a different description of this Hilbert space, which is better
adapted for computational purposes and that makes contact naturally with the free fermion
description: we will use the Fourier expansions of the kernels
a(w,w′) =
∑
p,q∈Z′−
apq
wp+
1
2w′q+
1
2
, b(w,w′) =
∑
p∈Z′−,q∈Z′+
bpq
wp+
1
2w′q+
1
2
c(w,w′) =
∑
p∈Z′+,q∈Z′−
cpq
wp+
1
2w′q+
1
2
, d(w,w′) =
∑
p,q∈Z′+
dpq
wp+
1
2w′q+
1
2
,
(4.8)
where Z′+ = {12 , 32 , 53 , . . .}, Z′− = {−12 ,−32 ,−52 , . . .} are positive and negative half-integer
spaces respectively, and Z′ = Z′− unionsq Z′+. In terms of Fourier modes we can describe our
Hilbert space as H = CZ′ ⊗C2, whose basis vectors are labelled by a pair (p, α) of one half-
integer number p ∈ Z′ and one matrix index α ∈ {1, 2}. One can also define two subspaces
of H: H+, corresponding to Z′+ — the subspace of non-negative Fourier modes, and H−,
corresponding to Z′− — the subspace of negative Fourier modes. We can easily see from
(4.8) that the operators a, b, c, d act non-trivially only between the following sub-spaces:
a : H+ → H−, b : H− → H−, c : H+ → H+, d : H− → H+. (4.9)
Using the above definitions, together with the results of [62], one can write down the
following expression for the dual partition function ZD(τ):
ZD(τ) = N(a,m, a)qa
2+(σ+1/2)2−1/12e2pii(ρ+1/2)
∞∏
n=1
(1− qn)−2γ2 det (I+K) , (4.10)
where the operator K can be either written as a block matrix with respect to the decom-
position H = H+ ⊕H−:
K =
(
c d
a b
)
. (4.11)
Alternatively, one can sum up the whole Fourier modes and define a single matrix integral
kernel as
K(w,w′) = a(w,w′) + b(w,w′) + c(w,w′) + d(w,w′). (4.12)
acting on L2(S1)⊗ C2.
Let us now make some comments on (4.10). The factor N(a,m, a), that we defined
in (3.58), accounts both for the vertex normalization in CFT and the one-loop factor of
the Nekrasov partition function, while qa2 is the classical contribution to the partition
function. The Fredholm determinant det(1 +K) is then identified with the instanton part
of Nekrasov-Okounkov partition function for N = 2∗ gauge theory, up to a free fermion
normalization depending on the background charges (γ, σ, ρ), which are arbitrary and can
be set to any value. Let us see how interesting results can be obtained by specializing these
U(1) charges to prescribed values.
First, note that the r.h.s. of (4.10) does not depend on γ since the U(1) factor η(q)−2γ2
cancels the same contribution from the determinant. The advantage of having this extra
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shift γ is that one can consider the two cases γ = 0 and γ = m 11. If γ = 0, the
summation over principal minors of K gives Virasoro conformal blocks as in (D.10), but in
this case such minors have a complicated form. If one puts instead γ = m, the minors of
K turn into factorized Nekrasov expressions: technically the U(1) contribution in front of
the determinant, together with the η(τ)−1 from (3.51), cancels the U(1) factor in (D.10).
For the explicit computations of minors see [62].
Let us consider now ρ, σ. Note that that dependence of ZD(η, a,m, ρ, σ, τ) on these
parameters, given by (3.51), is quite simple, as the only meaningful combination is στ + ρ.
Let us then put σ = 0 and study the ρ-dependence. From (3.47) we can see that zeroes of
ZD(η, a,m, ρ, τ) in ρ define the solution Q(τ) of the Painlevé VI equation (3.14):
ZD(η, a,m,±Q(τ) + k + lτ, τ) = 0, (4.13)
so that Q may be found as zero of the Fredholm determinant (4.10). This formula is
definitely the deautonomization of Krichever’s formula [64] which gives coordinates of
N particles Qi(t) in the elliptic Calogero-Moser system as zeroes of the theta function:
Θ(~UQi(t) + ~V t + ~W ) = 0. Indeed, in Section 4.3 by studying explicitly the isospec-
tral/autonomous limit, we find exactly Krichever’s formula. The generalization of (4.13) to
N > 2 will be given in [35].
To explain the origin of (4.13) in the spirit of [62] we notice the following. If one
substitutes ρ = Q(τ), then the first row of Y (w) has the following periodicity properties:
Y1i(w + 1) = Y1i(w), Y1i(w + τ) = e
2piiQY1i(w)MB = Y1i(w)MˆB. (4.14)
We thus see that the two functions Y11(w) and Y12(w) are globally defined functions on the
torus with prescribed monodromies MˆA and MˆB, so it is possible to restrict them to the
boundaries of the red strip in Fig. 3 and therefore they belong to the space of functions that
have analytic continuations with prescribed mondromies inside and outside the red strip
simultaneously. This breaks the decomposition of the space of all functions into the space
of functions analytic inside and outside the red strip, which holds in the generic position,
and this is indicated by the vanishing of the determinant. We report some other identities
that can be derived by setting the U(1) charges to specific values in Appendix F. More
details on the detailed proof of the results of this subsection will be reported elsewhere.
4.2 Line operators and B-branes
Let us briefly comment on the gauge/string theoretical interpretation of the Riemann-
Hilbert kernel. We will first briefly review the interpretation of the CFT construction in
terms of Liouville degenerate vertex insertions on the sphere. As we showed before this
construction has to be modified on higher genus Riemann surfaces by considering instead
free fermions. Therefore, the construction that naturally arises in this case is rather a free
fermion CFT, whose string/gauge theoretic interpretation will be outlined in the following.
11 The first case corresponds to Resw=1L(w)dw ∼ diag(m,−m), whereas the second one corresponds to
Resw=1L(w)dw ∼ diag(2m, 0). The second normalization was used in [34].
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Theories of class S have a canonical surface operator [65], given in the M-theory con-
struction by an M2 brane embedded in spacetime R4, localized at a point z ∈ C. In the
AGT correspondence, this is described by an insertion of a degenerate field of weight ±b/2
at z. Wilson and ’t Hooft loops living on the surface operator are computed by means of
Verlinde loop operators using braiding and fusion of degenerate fields [53, 66], in the same
way as the monodromies of the fundamental solution of the linear system are computed
in the CFT approach to isomonodromy equations. When the Verlinde loop operator goes
around an A-cycle of the Riemann surface, the monodromy operation acts multiplicatively
on the conformal block. The corresponding line operator in gauge theory is a Wilson loop.
When we go around a B-cycle, there is a shift of the internal Liouville momentum. In this
case the line operator carries magnetic charge and thus it is a ’t Hooft loop. A choice of
A-cycle and B-cycles on the Riemann surface corresponds to a choice of S-duality frame in
the gauge theory, and the modular group of the Riemann surface is the S-duality group.
The Verlinde loop operators represent the braiding algebra of Wilson and ’t Hooft loops
at an operatorial level. The Fourier basis that is adopted in the isomonodromic setting is
necessary in order to have an object that transforms linearly onto itself by monodromy so
that we can identify the correlator with the fundamental solution of the linear system (2.1)
on the sphere. On this basis of the Hilbert space both ’t Hooft loops and Wilson loops
act by multiplication, which is possible because they are commuting operators. This basis
can therefore be regarded as an S-duality complete basis of the Coulomb branch for loop
operators, since Wilson and ’t Hooft loops are treated on the same footing.
The situation is different in the case of the one-punctured torus, which was analyzed
in this paper. In our case, the Wilson and ’t Hooft loop operators for SU(2) anticom-
mute, and by using only degenerate fields one is not able to construct a S-duality complete
basis. Indeed, on the torus the addition of an extra U(1) boson in the CFT is required,
leading to a free fermionic CFT. The dictionary between monodromy and gauge theory
data is the following: the monodromy at the puncture parametrises the mass of the adjoint
hypermultiplet
TrM1 = 2cos(2pim) , (4.15)
the monodromy along the A-cycle parametrises the v.e.v. of the Wilson loop in the funda-
mental representation
TrMA = 2cos(2pia) (4.16)
in terms of the v.e.v. of the scalar field of the N = 2 vector multiplet and the combined
monodromy around the A and the B cycles
TrMAMB =
1
sin(2pia)
[
sinpi(2a−m)e−i(η/2−2pia) + sinpi(2a+m)ei(η/2−2pia)
]
(4.17)
parametrises the v.e.v. of the minimal dyonic ’t Hooft loop operator as computed in 12 [53].
From the view point of the Painlevé transcendent, (a, η) are related to the initial conditions
of Q(τ) as it is shown in Appendix D, while from the Hitchin system perspective formulas
12To compare with [53], put b = i, a → ia remembering that our conformal weights are related to the
Liouville charge by ∆a = a2, while in [53] the usual convention δa = −a2 is used.
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(4.16) and (4.17) together with TrMB are the Darboux coordinates of the moduli space of
SL(2,C) flat connections on the one punctured torus [67].
This CFT has a more natural interpretation in the topological string setting, where loop
operators are computed in terms of brane amplitudes. Our proposal is that the isomon-
odromy deformation of the integrable system associated to the classical Seiberg-Witten
curve is described in terms of topological B-brane amplitudes as discussed in [68]. There –
see sect. 4.7 and further elaborated in [69, 70] – it is also suggested that for higher genus
Riemann surfaces the most natural framework is given by considering the free-fermion
grand-canonical partition function leading precisely to the Fourier basis and thus to the
Nekrasov-Okounkov partition function. Indeed this latter can be regarded as a character
of W1+∞-algebra as in the topological B-brane setting of [68].
4.3 The autonomous/Seiberg-Witten limit
In this subsection we analyse the autonomous limit which gives the isospectral integrable
system describing the Seiberg-Witten geometry of N = 2∗, namely Calogero-Moser. We
proceed by finding the explicit solution of equation
Hτ = (2pii∂τQ)
2 −m2(℘(2Q|τ) + 2η1(τ)) (4.18)
in the scaling limit Hτ = ~−2(u + O(~)), m = ~−1µ, for small variations of τ , namely
τ = τ0 + ~t, where t  ~−1 in the limit ~ → 0 13. In this limit the scaled Hamiltonian is
the Coulomb branch parameter of the gauge theory. Indeed in the above limit we have
0 = det(L− λI2) = Hτ +m2(℘(2z) + 2η1(τ)) + λ2 ' 1~2
[
u+ µ2 (℘(2z) + 2η1(τ)) + λ˜
2
]
,
(4.19)
which is the Seiberg-Witten curve for the N = 2∗ theory, so that the energy parameter is
identified with the Coulomb branch modulus u14. So in this limit (4.18) takes the form of
the energy conservation law
u = (2pii∂tQ)
2 − µ2(℘(2Q|τ0) + 2η1(τ0)). (4.20)
As for any one-dimensional Hamiltonian system, we can integrate it by quadratures:
t− t0 =
∫ Q 2piidQ√
u+ 2µ2η1(τ) + µ2℘(2Q|τ0)
, (4.21)
however, to explicitly compute this integral we have to perform a couple of changes of
variables. First we introduce the new variable
y =
θ2(2Q|2τ0)
θ3(2Q|2τ0) , (4.22)
13 such small variations preserve the integrals of motion. There is also another part of the problem: to
find slow evolution of the integrals of motion at the time scale t ∼ ~−1. The general approach to this
problem, which gives rise to Whitham equations, is given in [71]. Relation of this approach to our general
solution of the non-autonomous problem still has to be uncovered.
14Note that all the quantities in the isomonodromic setting are dimensionless, being measured in Omega-
background units.
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that satisfies
(2pii∂ty)
2 = 4pi2θ4(2τ0)
4 θ1(2Q|2τ0)2θ4(2Q|2τ0)2
θ3(2Q|2τ0)4
(
u+ 2µ2η1 + µ
2℘(2Q|τ0)
)
, (4.23)
Where (A.14) has been used. Now substitute
℘(2Q|τ0) + 2η1(τ0) = −4pii∂τ0 log θ2(τ0) +
(
piθ4(2τ0)
2 θ2(2Q|2τ0)θ3(2Q|2τ0)
θ1(2Q|2τ0)θ4(2Q|2τ0)
)2
. (4.24)
Introducing
u˜ = u− 4piiµ2∂τ0 log θ2(τ0) (4.25)
we rewrite (4.20) as
(i∂ty)
2 = u˜θ4(2τ0)
4 θ1(2Q|2τ0)2θ4(2Q|2τ0)2
θ3(2Q|2τ0)4 + pi
2µ2θ4(2τ0)
8 θ2(2Q|τ0)2
θ3(2Q|τ0)2 .
(4.26)
By using (A.15) we finally rewrite (4.20) as
(i∂ty)
2 = u˜θ2(2τ0)
2θ3(2τ0)
2
(
1− θ3(2τ0)
2
θ2(2τ0)2
y2
)(
1− θ2(2τ0)
2
θ3(2τ0)2
y2
)
+
+pi2µ2θ4(2τ0)
8y2.
(4.27)
We see that the problem is reduced to the computation of an elliptic integral. In order to
do this, we introduce the new variable φ through
y =
θ2(2φ|2τSW )
θ3(2φ|2τSW ) , (4.28)
where τSW is the complex modulus of the covering curve (4.19), that is the infrared gauge
coupling of the N = 2∗ gauge theory. This is given by the polynomial in the r.h.s., and we
get the expression
(2pii∂tφ)
2 · θ2(2τSW )2θ3(2τSW )2
(
1− θ3(2τSW )
2
θ2(2τSW )2
y2
)(
1− θ2(2τSW )
2
θ3(2τSW )2
y2
)
=
= u˜θ2(2τ0)
2θ3(2τ0)
2
(
1− θ3(2τ0)
2
θ2(2τ0)2
y2
)(
1− θ2(2τ0)
2
θ3(2τ0)2
y2
)
+ pi2µ2θ4(2τ0)
8y2
(4.29)
To linearize the equation on φ we wish to cancel two bi-quadratic polynomials by solving
this explicit equation on 2τSW :
θ2(2τSW )
2
θ3(2τSW )2
+
θ3(2τSW )
2
θ2(2τSW )2
=
θ2(2τ0)
2
θ3(2τ0)2
+
θ3(2τ0)
2
θ2(2τ0)2
− µ
2
u˜
pi2θ4(2τ0)
8
θ2(2τ0)2θ3(2τ0)2
(4.30)
The solution for φ is then given by the formula
φ =
√
u˜
2pii
θ2(2τ0)θ3(2τ0)
θ2(2τSW )θ3(2τSW )
t+ φ0/2 = ωt+ φ0/2. (4.31)
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Collecting together the two changes of variables we find that the coordinate Q(t) should be
found from the solution of the equation
θ2(2Q(t)|2τ0)
θ3(2Q(t)|2τ0) =
θ2(2ωt+ φ0)|2τSW )
θ3(2ωt+ φ0)|2τSW ) . (4.32)
This result has to be compared with (3.56): we see that in the isospectral limit dual partition
functions can be effectively replaced by theta-functions. In fact, this formula coincides with
the one in [72], expressing the exact solution of the elliptic Calogero-Moser model. As a
byproduct, we found the explicit relation (4.30) between the UV coupling τ0 and the IR
coupling τSW (τ0, µ2/u) for the N = 2∗ theory.
In other terms, equation (3.56) is the explicit solution of the renormalisation group
flow of N = 2∗ theory in a self-dual Ω-background, while eq.(4.30) is the corresponding
Seiberg-Witten limit.
The results above could be compared with the small mass expansion in terms of modular
forms as found in [73]. Actually, our finding suggests that modular anomaly equations are
explicitly solved in terms of the corresponding isomonodromy problem, while their SW limit
in terms of the corresponding Calogero-Moser system.
5 Outlook and Conclusions
In this paper we studied the extension of the Painlevé/gauge theory correspondence to
circular quivers by focusing on the special case of SU(2) N = 2∗ theory. We have shown
that the Nekrasov-Okounkov partition function of this gauge theory provides an explicit
combinatorial expression of the tau-function of isomonodromic deformation problem for
SL2 flat connections on the one-punctured torus. We provided an explicit description of the
initial conditions in terms on Darboux coordinates of the moduli space of flat connections
on the one punctured torus and in terms of line operators in the SU(2) N = 2∗ theory,
see equations (4.16),(4.17). The main tool we used is the construction of the fundamental
solution of the associated Riemann-Hilbert problem in terms of conformal blocks of Virasoro
plus U(1) free-fermion algebra. This also allowed us to provide a Fredholm determinant
formula for the tau functions/Nekrasov-Okounkov dual partition function. With respect
to the previously studied cases on the sphere, a novelty arises due to the non-triviality of
the flat bundle on the elliptic curve. This induces an extra factor which can be written as
the partition function of twisted free fermions on the torus, whose twisting parameters is
given by the Painlevé transcendent of a special form of PVI equation itself. This viewpoint
allows to find an implicit expression for the Painlevé transcendent in terms of Nekrasov-
Okounkov partition functions as in eq.(3.56). In the autonomous limit, this reduces to
an implicit form of the solution of the Calogero-Moser dynamics as studied in [72]. As
discussed in detail in Section 4.3, this corresponds on the gauge theory side to the limit
to the Seiberg-Witten geometry and induces the explicit relation between the UV and
IR gauge couplings of N = 2∗ theory as in equation (4.30). In other words, Calogero-
Moser dynamics describes the renormalisation group flow of N = 2∗ Seiberg-Witten theory.
Turning on a self-dual Ω-background amounts to move to the isomonodromic problem, that
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is the deautonomization of Calogero-Moser and eq.(3.56) describes the exact renormalisation
group flow of the deformed theory. Indeed, the isomonodromic time dependence includes
the deformation of the SW curve in presence of a self-dual Ω-background ~, in line with
the expectation of Painlevé/gauge theory correspondence. This deformation accounts for
all-genus topological string amplitudes on local Calabi-Yau geometries build on the relevant
Seiberg-Witten curves 15.
There is a number of open questions it would be worth to explore. Let us observe
that renormalisation group equations of the Seiberg-Witten theory can be obtained from
blow-up equations as shown in detail in [75] for the N = 2 SYM case. This approach should
be generalised to the N = 2∗ theory, the corresponding Painlevé equation arising from the
relevant blowup equation.
The generalisation to higher rank and number of punctures will be presented in a
separate paper. Generalization of the correspondence between isomonodromic deformation
problems on higher genus Riemann surfaces and the renormalization group flows of the
corresponding class S theory would open new possibilities to investigate on one side the
partition function of gauge theories with trifundamentals, and on the other give explicit
constructions for the relevant tau-functions.
Another interesting venue is the inclusion of BPS observables in the gauge theory in
the Ω-background. Their couplings can be regarded as additional time variables generating
a hierarchy of extra flows which should provide the full character of W1+∞ algebra.
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A Elliptic and theta functions
For elliptic and theta functions we use the notations of [76]. Our torus has periods (1, τ),
and the theta function that we use are
θ1(z|τ) ≡ −i
∑
n∈Z
(−1)nq(n+ 12 )2/2e2piiz(n+ 12 ),
θ2(z|τ) ≡
∑
n∈Z
q(n+
1
2
)2/2e2piiz(n+
1
2
),
θ3(z|τ) ≡
∑
n∈Z
qn
2/2e2piizn,
θ4(z|τ) ≡
∑
n∈Z
(−1)nqn2/2e2piizn,
(A.1)
where
q = e2piiτ . (A.2)
A prime denotes a derivative with respect to z, and when the theta function or its derivatives
are evaluated at z = 0, we simply denote it by θν(τ) or θ′1(τ), e.t.c. Transformations of θ1
under elliptic transformations are
θ1(z + 1|τ) = −θ1(z|τ), θ1(z + τ |τ) = −q−1e−2piizθ1(z|τ). (A.3)
In the main text we use also Weierstrass ℘ and ζ. ℘ is a doubly periodic functions with
a single double pole at z = 0, that can be written in terms of θ1 as
℘(z|τ) = −∂2z log θ1(z|τ)− 2η1(τ) = ζ ′(z|τ), (A.4)
where
η1(τ) = −1
6
θ′′′1 (τ)
θ′1(τ)
. (A.5)
Weierstrass’ ζ function is minus the primitive of ℘. It has only one simple pole at z = 0,
and is quasi-elliptic:
ζ(z|τ) = 2η1(τ)z + ∂z log θ1(z|τ), (A.6)
ζ(z + 1|τ) = ζ(z|τ) + 2η1(τ), ζ(z + τ |τ) = ζ(z|τ) + 2τη1(τ)− 2pii. (A.7)
Finally, we use Dedekind’s η function, defined as
η(τ) = q1/24
∞∏
n=1
(1− qn). (A.8)
It is related to the function θ1 by
η(τ) =
(
θ′1(τ)
2pi
)1/3
. (A.9)
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Because of the periodicities (A.3), the elliptic transformations of the Lamé function
x(u, z) =
θ1(z − u|τ)θ′1(τ)
θ1(z|τ)θ1(u|τ) (A.10)
are given by
x(u, z + 1) = x(u, z), x(u, z + τ) = e2piiux(u, z). (A.11)
The product of Lamé functions satisfies the following identities:
x(u, z)x(−u, z) = ℘(z)− ℘(u), x(u, z)y(−u, z)− y(u, z)x(−u, z) = ℘′(u), (A.12)
where y(u, z) = ∂ux(u, z), that are used in computing the isomonodromic Hamiltonian
Hτ from the Lax matrix. Further, to show that the zero-curvature equation (3.11) is the
compatibility condition for the system (3.12), one has to use the property
2pii∂τx(u, z) + ∂z∂ux(u, z) = 0. (A.13)
The following theta-function identities are used in the study of the autonomous limit:
∂z
θ2(z|τ)
θ3(z|τ) = −piθ
2
4(τ)
θ1(z|τ)θ4(z|τ)
θ3(z|τ)2 , (A.14)
θ1(2Q|2τ0)2
θ3(2Q|2τ0)2 =
θ2(2τ0)
2
θ4(2τ0)2
− θ3(2τ0)
2
θ4(2τ0)2
θ2(2Q|2τ0)2
θ3(2Q|2τ0)2 ,
θ4(2Q|2τ0)2
θ3(2Q|2τ0)2 =
θ3(2τ0)
2
θ4(2τ0)2
− θ2(2τ0)
2
θ4(2τ0)2
θ2(2Q|2τ0)2
θ3(2Q|2τ0)2 .
(A.15)
B Fusion and braiding of degenerate fields
In this paper monodromies of the fundamental solution have been computed by braiding
and fusion of degenerate fields with Virasoro primaries. Fusion matrices linearly relate
different sets of blocks, and analytic continuation of a conformal block along any arbitrary
contour can be decomposed in elementary braiding and fusion rules [52].
In this paper we only need the following braiding move,
m sb/2
a′ − sb/2a
′ a
sb/2
a′
m
a
a′ + s′b/2
Figure 4. Braiding of a degenerate field and a primary
that correspond to the following analytic continuation operation on the matrix ele-
ments16:
〈a′|Vm(y)φ(γy · z)|a〉 = i
∑
s′=±
〈a′|φs′(z)Vm(y)|a〉eipis′a′Fs′s(a′,m, a)e−ipisa, (B.1)
16comparing to [11] we changed here the sign of the fusion matrix, so that for m = 0 braiding is trivial
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where γy ·z is the analytic continuation of the degenerate field along a contour going around
y in the positive direction, on the sphere from zero to infinity. F is the fusion matrix, that
with our normalization conventions takes the form
F (a′,m, a) =
(
cospi(m+a+a′)
sin 2pia
cospi(m+a′−a)
sin 2pia
− cospi(m+a−a′)sin 2pia − cospi(m−a−a
′)
sin 2pia
)
. (B.2)
C Periodicity of the tau functions
Equation (3.14) is invariant under the transformation Q 7→ Q + n2 + τk2 , where k, n ∈ Z.
We denote this transformation by δn
2
, k
2
. One might ask the following question: what are
the transformation properties of the tau function and dual partition functions under δn
2
, k
2
?
The tau function after the transformation is defined by
2pii∂τ log(δn
2
, k
2
T ) = (2pii)2(∂τQ+ k/2)2 −m2℘(2Q)− 2m2η1(τ) =
= 2pii∂τT + (2pii)2(k2/4 + k∂τQ).
(C.1)
Therefore
δn
2
, k
2
T = Cn
2
, k
2
· qk2/4e2piikQT (C.2)
Using now (3.55) we compute transformations of ZD0 , ZD1/2:
δn
2
, k
2
ZD0 = Cn
2
, k
2
η(τ)−1θ3(2Q+ n+ kτ |2τ)qk2/4e2piikQT =
=
[
k ∈ 2Z : Cn
2
, k
2
η(τ)−1θ3(2Qτ |2τ)T = Cn
2
, k
2
ZD0
k ∈ 1 + 2Z : Cn
2
, k
2
η(τ)−1θ2(2Qτ |2τ)T = Cn
2
, k
2
ZD1/2
(C.3)
In this way we see that the dual partition functions have much better behaviour than the
tau function T . As we will see later, such shifts of parameters correspond to shifts of the
initial data:
δn
2
, k
2
(η, a) = (η + 2pin, a+
k
2
) (C.4)
Therefore transformations of the dual partition functions look as follows:
δn
2
, k
2
ZD1/2 = e
−iη k
2 ·
[
k ∈ 2Z : ZD1/2
k ∈ 1 + 2Z : ZD0
(C.5)
Therefore we can conclude that Cn
2
, k
2
= e−iη
k
2 , so δn
2
, k
2
T = qk2/4eik(2piQ− η2 )T .
D Asymptotic calculation of the tau function
D.1 Algorithm of computations
We start from the following ansatz for the solution of the non-autonomous Calogero equa-
tion:
Q = ατ + β +
1
2pii
∞∑
n=0
∞∑
k=−n
cn,kq
ne4piik(ατ+β) = ατ + β +
1
2pii
X (D.1)
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Series expansion of ℘(z|τ) + 2η1(τ) = −∂2z log θ1(z|τ) looks as follows:
1
(2pii)2
(−∂2z log θ1(z|τ)) =
∞∑
n=0
∞∑
k=1
kqkne2piikz +
∞∑
n=1
∞∑
k=1
kqkne−2piikz (D.2)
Rewrite now equation (3.14) using last two formulas and introducing notation s = e2pii(ατ+β).
We also introduce single formal parameter of expansion  in the following way: q 7→ q · 2,
s 7→ s · √.
∞∑
n=0
∞∑
k=−n
(n+ 2αk)2cn,kq
ns2k2n+k =
= m2
∞∑
n=0
∞∑
k=1
k2qkns2kekX(q,s)k(2n+1) −m2
∞∑
n=1
∞∑
k=1
k2qkns−2ke−kX(q,s)k(2n−1)
(D.3)
One can see that powers of  in the r.h.s. are at least one, therefore higher-order coefficients
cn,k become functions of the lower-order ones, and thus equation can be solved order-by-
order starting from c0,0 = 0 17.
After this is done, we need to compute the logarithm of the isomonodromic tau function:
log T = α2 log q +
∑
n,k
qnskbn,k = α
2 log q + Y (q, s)
∑
n,k
(n+ 2αk)qnskbn,k =
∑
n,k
(n+ 2αk)qns2kcn,k
2−
−m2
( ∞∑
n=0
∞∑
k=1
kqkns2kekX(q,s) +
∞∑
n=1
∞∑
k=1
kqkns−2ke−kX(q,s)
) (D.4)
Then we compute the two dual partition functions:
ZD0 = q
α2−1/24
∞∑
n=1
p(n)qn ·
∞∑
n=−∞
qn
2
s2ne2nX(q,s) · eY (q,s)+2αX(q,s) =
∑
n,k
zn,kq
n+α2−1/24s2k,
ZD1/2 = q
α2−1/24
∞∑
n=1
p(n)qn ·
∞∑
n=−∞
q(n+
1
2
)2s2n+1e(2n+1)X(q,s) · eY (q,s)+2αX(q,s) =
=
∑
n,k
z′n,kq
n+α2+5/24s2k−1.
(D.5)
D.2 Results
We solved the equation asymptotically up to 6.
Important information about the function f(q, s) =
∑
fn,kq
ns2k is encoded in the list
of non-zero coefficients fn,k: we will denote such coefficients by points (k, n) in the integer
17This algorithm is not optimal for the computation of non-trivial coefficients: as we will see later, it
gives a lot of zero terms in the dual partition functions.
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plane (sometimes it will be shifted by some fractional numbers which we neglect). We call
the set of such points support of the function f .
First we show the support of the solution X(q, s) in Fig. 5. In this picture the gray
region contains all coefficients that were computed in the asymptotic expansion. Dotted
lines show monomials with the same order of . The full support is bounded from below by
the lines n = 0 and n = −k.
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k
Figure 5. Support of X(q, s)
The first few terms of the expansion look as follows:
c0,1 =
m2
4α2
, c1,−1 = − m
2
(2α− 1)2 , c0,2 =
m2
(
8α2 +m2
)
32α4
,
c1,0 = − (4α− 1)m
4
2α2(2α− 1)2 , c2,−2 = −
m2
(
8α2 − 8α+m2 + 2)
2(2α− 1)4 , . . .
(D.6)
The support of the dual partition functions is shown in Fig. 6.
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Figure 6. Support of ZD0 (left) and of ZD1/2 (right).
We see that some non-trivial cancellation happened and a lot of coefficients that naively
might be non-zero (denoted by small dots) actually vanish.
Values of the first non-trivial coefficients are given by
z0,0 = 1, z
′
0,0 = 1, z
′
0,1 = 1−
m2
4α2
, z1,−1 =
(m2 − (1− 2α))2
(1− 2α)2 ,
z1,1 =
(m2 − 4α2)2(m2 − (2α+ 1)2)
16α4(2α+ 1)2
, . . .
(D.7)
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We also found experimentally that normalized values of all other non-trivial coefficients
can be given in terms of a single function, which will be identified with the toric conformal
block:
B(a,m, q) = 1 + q
(
(m2 − 1)m2
2a2
+ 1
)
+ q2
(
3(m2 − 4)(m2 − 1)2m2
16(a2 − 14)2
−
−(m
2 − 3)(m2 − 1)(m2 + 2)m2
4(a2 − 14)
+
(m2 − 1)(m4 −m2 + 2)m2
4a2
+ 2
)
+
+q3
(
(m2 − 9)(m2 − 4)2(m2 − 1)2m2
36(a2 − 1)2 +
(m2 − 4)(m2 − 1)2(2m4 − 2m2 + 9)m2
48(a2 − 14)2
−
−(m
2 − 4)(m2 − 1)(11m6 − 106m4 + 131m2 + 108)m2
216(a2 − 1) +
+
(m2 − 1)(3m8 − 22m6 + 65m4 − 46m2 + 24)m2
24a2
−
−(m
2 − 1)(8m8 − 24m6 + 15m4 +m2 − 162)m2
108(a2 − 14)
+ 3
)
+O(q3) =
∞∑
n=0
Bn(a,m)qn
(D.8)
Namely, the ratios of coefficients are
zn,0/z0,0 = Bn(α,m), n = 0, 1, 2, 3, z2,1/z1,1 = B1(α+ 1,m), n = 0, 1, 2,
zn+1,−1
z1,−1
= Bn(α− 1,m), z3,1
z1,1
= B2(α− 1,m),
z′−1,3
z′−1,2
= B1(a− 3
2
,m)
z′n,0
z′0,0
= Bn(α− 1
2
,m), n = 0, 1, 2, 3,
z′n,1
z′0,1
= Bn(α+ 1
2
,m), n = 0, 1, 2.
(D.9)
We see that the latter formula is in complete agreement with (1.2) if B is a conformal block,
so we check that it actually coincides with the AGT formula
B(a,m, q) =
∞∏
n=1
(1− qn)1−2m2
∑
Y+,Y−
q|Y+|+|Y−|
∏
,′=±
NY,Y′ (m+ (− ′)a)
NY,Y′ ((− ′)a)
(D.10)
where Nekrasov factors are given by
Nλ,µ(x) =
∏
s∈λ
(x+ aλ(s) + lµ(s) + 1)
∏
t∈µ
(x− lλ(t)− aµ(t)− 1). (D.11)
D.3 Asymptotic computation of monodromies
At the moment we have two different parameterization: the one in terms of (α, β), initial
data of the equation, and the other one in terms of the monodromy data (a, η). We need
to know the explicit identification between them. To compute this identification we use the
fact that the evolution is isomonodromic, so monodromies can be computed in the limit
τ → +i∞.
θ1(z|τ) = 2q1/8 (sinpiz − q sin 3piz + . . .) . (D.12)
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One can take just the first term of expansion until it becomes smaller than the first correc-
tion. This occurs when sinpiz ≈ e2piiτ sin 3piz, so for z = ±τ . We will choose two copies of
the A-cycle with Imz = ±Imτ/2 and work in the region between them. So for all compu-
tations to be consistent we need to have −1/4 < Reα < 1/4 (one can easily overcome this
constraint taking more terms of expansion). Also convergence of the series (D.1) requires
α > 0. So for simplicity we just take α to have a sufficiently small positive real part.
Our approximation for x is then
x(u, z) ≈ pi sinpi(z − u)
sinpiz sinpiu
=
2pii
e2piiu − 1 −
2pii
e2piiz − 1 . (D.13)
The first terms of the expansion of Q look as
Q(τ) = ατ + β +
m2
8piiα2
e4pii(ατ+β) + . . . (D.14)
The leading behavior of the connection matrix is
L(z|τ) = 2pii
(
α+ m
2
2α e
4pii(ατ+β) m
e4pii(ατ+β)−1 − me2piiz−1
m
e−4pii(ατ+β)−1 − me2piiz−1 −α− m
2
2α e
4pii(ατ+β)
)
. (D.15)
Further expanding up to first order in e4piiατ we get
L(z|τ) = 2pii
(
α − me2piiz
e2piiz−1
− m
e2piiz−1 −α
)
+ 2piie4pii(ατ+β)
(
m2
2α −m
m −m22α
)
. (D.16)
One may notice that there is an equality
L(z|τ) = U0L0(z|τ)U−10 , (D.17)
where U0 = 1 + m2αe
4pii(ατ+β)σx. This equality is a reminiscence of the isomonodromic
deformation equation (3.12). The solution of the linear system in the region z ∼ τ2 is given
by
Y (z) = (1− e2piiz)mU0×
×
(
2F1(m,m+ 2α, 2α, e
2piiz) me
2piiz
1−2α 2F1(1 +m, 1 +m− 2α, 2− 2α, e2piiz)
m
2α2F1(1 +m,m+ 2α, 1 + 2α, e
2piiz) 2F1(m, 1 +m− 2α, 1− 2α, e2piiz)
)
×
×diag((−e2piiz)α, (−e2piiz)−α)
(D.18)
Now we compute the analytic continuation of this solution to the region z ∼ − τ2 along
imaginary line Rez = 1/2 18 :
Y (z) = σxY (−z)σxM˜B, M˜B =
(
Γ(2α)2
Γ(2α+m)Γ(2α−m)
Γ(2−2α)Γ(−1+2α)
Γ(m)Γ(1−m)
Γ(1−2α)Γ(2α)
Γ(1−m)Γ(m)
Γ(1−2α)2
Γ(1−m−2α)Γ(1+m−2α)
)
. (D.20)
18To do this we use connection formula for hypergeometric function
2F1(a, b, c, z) =
Γ(c)Γ(b− a)
Γ(b)Γ(c− a) (−z)
−a
2F1(a, a− c+ 1, a− b+ 1, z−1)+
+
Γ(c)Γ(a− b)
Γ(a)Γ(c− b) (−z)
−b
2F1(b, b− c+ 1, b− a+ 1, z−1)
(D.19)
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We wish to compute B-cycle monodromy. Its defining relation is
Y (
τ
2
+ x) = e2piiQY (−τ
2
+ x)MB. (D.21)
Using (D.20) we get
Y (
τ
2
+ x) = e2piiQσxY (
τ
2
− x)σxM˜BMB. (D.22)
We write this expression down keeping only the first orders:
(1 +
m
2α
e4pii(ατ+β)σx)
(
1 0
m
2α 1
)
× diag(epiiατ , e−piiατ )× diag((−e2piix)α, (−e2piix)−α) =
= diag
(
e2pii(ατ+β), e−2pii(ατ+β) +
m2
4α2
e2pii(ατ+β)
)
(1 +
m
2α
e4pii(ατ+β)σx)
(
1 m2α
0 1
)
×
×diag(e−piiατ , epiiατ )× diag((−e2piix)α, (−e2piix)−α)× M˜BMB.
(D.23)
By using also the relation
σxM˜Bσ
x = M˜B
−1
(D.24)
we can then express MB as
MB = σ
xM˜Bσ
x × diag(e−2piiβ, e2piiβ) +O(e4piiατ ). (D.25)
We see that to our precision MB is actually constant when τ → i∞, its value is given by
MB =
(
Γ(1−2α)2
Γ(1−m−2α)Γ(1+m−2α)e
−2piiβ sinpim
sinpiα e
2piiβ
− sinpimsinpiα e−2piiβ Γ(2α)
2
Γ(2α+m)Γ(2α−m)e
2piiβ
)
. (D.26)
To compare this with the monodromy matrix (3.28) computed by braiding we now change
normalization
e2piiβ = e2piiβ
′
/r, M ′B = diag(r
1/2, r−1/2)MBdiag(r−1/2, r1/2), (D.27)
where
r =
Γ(2α)Γ(1− 2α−m)
Γ(1− 2α)Γ(2α−m) . (D.28)
The new monodromy is
M ′B =
(
sinpi(2α−m)
sin 2piα e
−2piiβ′ sinpim
sin 2piαe
2piiβ′
− sinpimsin 2piαe−2piiβ
′ sinpi(2α+m)
sin 2piα e
2piiβ′
)
. (D.29)
Corresponding A-cycle monodromy is clearly given by the formula
M ′A = MA =
(
e2piia 0
0 e−2piia
)
. (D.30)
These monodromies are related to those computed from CFT (3.28) by a conjugation
with the matrix
C =
(
0 −iepiia
ie−piia
)
. (D.31)
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We can in fact check explicitly that
M ′A = CM
(CFT )
A C
−1 =
(
e2piia 0
0 e−2piia
)
,
M ′B = CM
(CFT )
B C
−1 =
(
sinpi(2a−m)
sin 2pia e
−iη/2 sinpim
sin 2piae
iη/2
− sinpimsin 2piae−iη/2 sinpi(2a+m)sin 2pia eiη/2
)
,
(D.32)
after we made the identification
α = a, η = 4piβ′. (D.33)
D.4 Identification of parameters
One may check that the two asymptotic expansions have the following forms:
η(τ)−1θ3(2Q|τ)T (τ) =
∑
n∈Z
Cne
4piinβq(α+n)
2B(α+ n,m, q)
η(τ)−1θ2(2Q|τ)T (τ) =
∑
n∈Z+ 1
2
Cne
4piinβq(α+n)
2B(α+ n,m, q) (D.34)
Where the structure constants are given by explicit formula
Cn =
G(1−m+ 2(α+ n))G(1−m− 2(α+ n)
G(1 + 2(α+ n))G(1− 2(α+ n))
G(1 + 2α)G(1− 2α)
G(1−m+ 2α)G(1−m− 2α)
×
(
Γ(2α)Γ(1−m− 2α)
Γ(1− 2α)Γ(2α−m)
)2n
.
(D.35)
We may check, in particular, that C0 = C− 1
2
= 1, which is consistent with experimental
results. We also see that after the redefinition19
e2iβ
′
= e2iβ
Γ(2α)Γ(1−m− 2α)
Γ(1− 2α)Γ(2α−m) . (D.36)
Experimentally found tau functions may be rewritten as
θ3(2Q|τ)T (τ) = C(α)−1
∑
n∈Z
C(α+ n)e4piinβ
′
q(α+n)
2B(α+ n,m, q)
θ2(2Q|τ)T (τ) = C(α)−1
∑
n∈Z+ 1
2
C(α+ n)e4piinβ
′
q(α+n)
2B(α+ n,m, q) (D.37)
where
C(α) =
G(1−m+ 2α)G(1−m− 2α)
G(1 + 2α)G(1− 2α) (D.38)
Again, comparing with expressions (3.55) we find a = α, η = 4piβ′, consistently with
what we found in the asymptotic computation of the monodromy matrices.
19Note this is the same redefinition of (4.5), if η = 4piβ′, which we will see is the case.
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E A self-consistency check
Here we do some calculation to perform extra check of τ -derivatives of some correlators.
Namely, compute
F (w, y)αβ = 2pii∂τ
(
Y (w)−1Ξ(y − w)Y (y))
αβ
= 2pii∂τ
〈ψ¯α(w)ψβ(y)Vm(0)〉
〈Vm(0)〉 =
= 2pii
∂τ 〈ψ¯α(w)ψβ(y)Vm(0)〉
〈Vm(0)〉 − 2pii
〈ψ¯α(w)ψβ(y)Vm(0)〉
〈Vm(0)〉
∂τ 〈Vm(0)〉
〈Vm(0)〉 .
(E.1)
We then note that the derivative of any correlator with respect to the modular parameter
τ can be realized by an integral over the A-cycle of an insertion of the energy-momentum
tensor T (z):
2pii∂τ 〈O〉 =
∮
A
〈OT (z)〉 − 〈T 〉〈O〉. (E.2)
Further, we can use the explicit expression of the free fermion energy-momentum tensor
T (z) =
1
2
∑
γ
(
: ∂ψ¯γ(z)ψγ(z) : + : ∂ψγ(z)ψ¯γ(z) :
)
(E.3)
where : : denotes regular part of the OPE. Then,
F (w, y)αβ =
∑
γ
∮
A
dz
〈: ∂ψ¯γ(z)ψγ(z) : ψ¯α(w)ψβ(y)Vm(0)〉〈Vm(0)〉
〈Vm(0)〉2 −
−〈: ∂ψ¯γ(z)ψγ(z) : Vm(0)〉〈ψ¯α(w)ψβ(y)Vm(0)〉〈Vm(0)〉2 .
(E.4)
Here we added a total derivative to T (z) since it does not change correlator. Now we can
compute this expression using the generalized Wick theorem [77]. The second term cancels
with the term, containing pairing between ψ¯α(w) and ψβ(y). So finally we get only one
term:
F (w, y)αβ =
∑
γ
∮
A
dz
〈∂ψ¯γ(z)ψβ(y)Vm(0)〉〈ψγ(z)ψ¯α(w)Vm(0)〉
〈Vm(0)〉2 =
= −
∑
γ
∮
A
dz
(
Y (w)−1Ξ(z − w)Y (z))
αγ
∂z
(
Y (z)−1Ξ(y − z)Y (y))
γβ
=
=
∑
γ
∮
A
dz∂z
(
Y (w)−1Ξ(z − w)Y (z))
αγ
(
Y (z)−1Ξ(y − z)Y (y))
γβ
=
=
∮
A
dz
(
Y (w)−1 (Ξ(z − w)L(z) + ∂zΞ(z − w)) Ξ(y − z)Y (y)
)
αβ
.
(E.5)
Comparing (E.1) with (E.5) and using (3.12) we get an identity
M(w)Ξ(y − w)− Ξ(y − w)M(y) + 2pii∂τΞ(y − w) =
=
∮
A
dz (Ξ(z − w)L(z) + ∂zΞ(z − w)) Ξ(y − z).
(E.6)
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We can plug in the explicit expression for L,M and see that the relation will hold iff the
following relations are satisfied:
2pii∂τx(Q,w − y) = p∂Qx(Q,w − y)− ∂w∂Qx(Q,w − y)
=
∮
A
dz [px(Q,w − z)x(Q, z − y)− ∂wx(Q,w − z)x(Q, z − y)] ,
(E.7)
y(2Q,w)x(Q, y−w)−y(2Q, y)x(−Q, y−w) =
∮
A
dzx(2Q, z)x(−Q, z−w)x(Q, y−z). (E.8)
To find the r.h.s. we need to compute two integrals:
I1(w, y) =
∮
A
dz x(Q,w − z)x(Q, z − y),
I2(w, y) =
∮
A
dz x(q1, z − w)x(q2 − q1, z)x(q2, y − z).
(E.9)
I1 and ∂wI1 contribute to diagonal elements, whereas I2 defines off-diagonal ones.
First we consider the integral over the boundary of the cut torus:
I1 =
∮
∂T
dz x(Q,w − z)x(Q+ , z − y). (E.10)
The function inside the integral is not periodic under z → z+τ , but rather acquires a phase
e−2pii. If we take the combination of two contour integrals over A-cycles shifted by τ in
the opposite directions, they enter with opposite signs times the quasi-periodicity:
I1 = (1− e−2pii)
∮
A
dz x(Q,w − z)x(Q+ , z − y). (E.11)
On the other hand, this integral can be computed by residues:
I1 = 2pii [x(Q+ , w − y)− x(Q,w − y)] . (E.12)
Now we take a limit  = 0:
I1 = 2pii lim
→0
x(Q+ , w − y)− x(Q,w − y)
1− e−2pii = ∂Qx(Q,w − y). (E.13)
By plugging this result in (E.7) we see that it is satisfied. The second integral can be
computed in the same manner, noting that the integrand now has quasi-periodicity e2pii:
I2 =
∮
∂T
dz x(q1, z − w)x(q2 − q1 + , z)x(q2, y − z) =
= 2pii (x(q1, y − w)x(q2 − q1 + , y)− x(q1,−w)x(q2, y)− x(q2 − q1 + , w)x(q2, y − w))
(E.14)
Now we expand this integral up to the first order and find I2:
I2(w, z) = y(2Q,w)x(Q, y − w)− y(2Q, y)x(−Q, y − w) (E.15)
because of which (E.8) is satisfied.
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F Other determinantal formulas
We report in this appendix some further identities that can be derived from the Fredholm
determinant expression (4.10), that we recall here for convenience:
ZD(τ) = −N(a,m, a)qa2+(σ+1/2)2−1/12e2piiρ
∞∏
n=1
(1− qn)−2γ2 det (I+K) . (F.1)
Notice that K|ρ 7→ρ+1/2 = −K. Combining this observation with (3.51) and with periodicity
properties of theta functions we find
ZD1/2(τ)η(τ)
−1θ3(2ρ|2τ) = 1
2
N(a,m, a)qa
2−1/3e2piiρ (det(I−K)− det(I+K)) ,
ZD0 (τ)η(τ)
−1θ2(2ρ|2τ) = 1
2
N(a,m, a)qa
2−1/3e2piiρ (det(I−K) + det(I+K)) ,
(F.2)
where we put γ = 0 to simplify the formulas. For arbitrary γ everything is the same.
Third, one can substitute ρ = 14 and ρ =
1
4 +
τ
2 into (3.51) in order to cancel each of
the two theta functions:
ZD1/2(τ)η(τ)
−1θ4(2τ) = −iN(a,m, a)qa2−1/3 det
(
I+ K|ρ= 1
4
)
,
ZD0 (τ)η(τ)
−1θ4(2τ) = N(a,m, a)qa
2+5/12 det
(
I+ K|ρ= 1
4
+ τ
2
)
.
(F.3)
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